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Abstract 
Coupled nanomechanical resonators have recently attracted much attention for both 
fundamental studies in physics and broad applications in high-precession detection or 
sensing. By studying the Landau-Zener transitions and Rabi oscillation of two 
coupled resonators, it has been shown that such a two-mode system acts as a classical 
two-level system bearing the analog to a quantum mechanical two-level one. Here we 
construct a Stückelberg interferometer with two coupled cantilevers by driving the 
system through the avoided crossing twice. By measuring the non-adiabatic phase 
acquired at the Landau-Zener transition, we unveil an in-depth analog between the 
two-mode and quantum two-level systems. Our study opens up new opportunities for 
constructing interferometers with classical devices. 
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Following the rapid development of nanotechnologies, coupled nanomechanical 
resonators have recently attracted much attention for both fundamental studies in 
physics 
1, 2, 3
 and broad applications in high-precession detection or sensing 
4, 5, 6, 7, 8, 9
. 
Mechanical couplings between different resonators 
10, 11, 12
 and between different 
oscillation modes of the same resonator 
13, 14, 15
 have been demonstrated. In particular, 
coherent manipulation of the mechanical oscillations through the Rabi-like oscillation 
is realized for two strongly coupled mechanical resonators 
15, 16, 17
. It is also shown 
that a classical analog of the Landau-Zener (LZ) transitions in quantum two-level 
systems can be realized by driving the two mechanical modes of a single 
nanomechanical beam through the avoid crossing 
18
. To further investigate the 
coherence of the coupled resonators across the LZ transition, one may drive the 
system through the avoided crossing twice. The first passage coherently splits 
mechanical oscillations between two resonators and the second one creates their 
superpositions in both resonators through recombination. As a result, a 
double-passage process leads to the well-known Stückelberg oscillation, an 
interference fringe in time domain 
19, 20
. Quantum mechanically, the Stückelberg 
oscillations have been demonstrated in a wide variety of systems 
21, 22, 23, 24
. In 
particular, periodic passages through the avoided crossing lead to the 
Landau-Zener-Stückelberg-Majorana interference which can be used to determine the 
energy level diagram and to measure coherence time of superconducting qubits 
25, 26, 
27, 28, 29
. 
In this work, we report the realization of a Stückelberg interferometer with two 
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coupled single-crystal-silicon cantilevers. Focusing on the fundamental flexural mode 
of each cantilever, the frequency of one of these modes can be tuned by placing the 
corresponding cantilever inside a fiber-based Fabry-Pérot cavity and time-resolvedly 
controlling the pumping power of the cavity. To facilitate the construction of the 
Stückelberg interferometer, we first explore the coupling between these two modes by 
driving the system through the avoided crossing which induces a Landau-Zener-like 
transition. We then demonstrate that the two-mode system can be coherently 
manipulated by realizing the Rabi-like oscillation. Finally, we realize the Stückelberg 
interferometer by driving the system over the avoided crossing twice and obtain the 
interference fringes of the mechanical oscillations in one cantilever. In addition, we 
determine the Stokes phase acquired during the non-adiabatic transition when passing 
through the avoid crossings. 
 
Results 
Tunable two-mode optomechanical system. As illustrated in Fig. 1a, the system 
under investigation consists of two single-crystal-silicon cantilevers connected to the 
same thin overhang extended 20 ± 5 μm out the insulator substrate. Here, we focus 
on the fundamental flexural modes originating from the displacement 𝑥𝑖 (𝑖 = 1,2) of 
the cantilevers. Due to the inhomogeneous etching of the substrate, the intrinsic 
frequencies of cantilevers are different even though their geometrics and effective 
mass are essentially the same. In order to tune the intrinsic frequency of the cantilever 
5 
 
1, we insert it into a fiber-based Fabry-Pérot cavity (Fig. 1a); the cavity is then 
pumped from one side by a 1064 nm Nd-YAG laser with the laser power 𝑃. In this 
 
Figure 1 | Two-mode optomechanical system. (a) Schematic drawing of 
coupled-cantilever-based two-mode optomechanical system. The coupled mechanical 
resonators consist of two 220-μm-long, 10-μm-wide, and 220-nm-thick 
single-crystal-silicon cantilevers with a separation of 15 μm. Both cantilevers 
structurally connect to the same thin overhang extended 20 μm over a thick SiO2 
substrate. A PZT driven by a function generator (FG) is attached to the substrate of 
the cantilevers to excite the mechanical motions of the system. The 4.5-mm-long fiber 
cavity is formed by two gold-coated fiber ends. Light inside the cavity is focused by a 
micro-lens to the waist radius of 3 m in the middle. (b) Oscillation power spectral 
density of the coupled cantilevers versus laser power. The two resonances correspond 
to the oscillations of the in-phase and out-of-phase motions of the coupled cantilevers 
as shown in the insets. A normal-mode splitting is observed with the avoided crossing 
at the laser power of 𝑃AC = 12.9 𝜇W. 
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configuration, the fibers and cantilever 1 form a membrane-in-the-middle 
optomechanical system 
30, 31, 32
, in which the dispersive coupling between the 
cantilever and the cavity field gives rise to a harmonic trapping to the cantilever 
corresponding to an effective frequency √𝑔𝑃 , where 𝑔  is the optical trapping 
strength. Consequently, the effective frequency of the cantilever 1, 𝜔1(𝑃) =
√𝜔1
2(0) + 𝑔𝑃 , becomes laser-power dependent 33, where 𝜔1(0) is the intrinsic 
frequency of the cantilever 1 in the absence of pumping laser; while the intrinsic 
frequency of the cantilever 2, 𝜔2, remains unaffected. Furthermore, the coupling 
between the cantilevers through the motion-induced stress inside the overhang results 
in the hybridization of the two fundamental flexural modes and gives rise to two 
normal modes 𝑋𝛼  (𝛼 = +,−) which are linear combinations of 𝑥1  and 𝑥2  
12
. 
Correspondingly, the frequencies of these normal modes are denoted as 𝜔+(𝑃) for 
the out-of-phase mode and 𝜔−(𝑃) the in-phase mode (Fig. 1b). 
When the laser power is swept, the avoided crossing of the two normal modes is 
mapped out in the thermal oscillation spectrum of cantilevers (see Fig. 1b and 
Methods), in which a minimal frequency splitting of /2=156.8 Hz is observed at the 
laser power 𝑃AC = 12.9 μW. It can be further determined from the normal-mode 
spectrum that the intrinsic frequencies of the cantilevers and the optical trapping 
strength are, respectively, 𝜔1(0) 2 = 6,600  Hz, 𝜔2 2 = 7,069  Hz and  𝑔 
(2 )2 = 4.72 × 105Hz2 𝜇W. Also, in order to obtain Fig. 1b, we have tuned the 
length of the fiber-based cavity such that the mechanical damping rates of the normal 
modes are independent of the laser power 
12, 33
. In fact, it is measured that both the 
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normal modes have essentially the same damping rate 𝛾 2 = 3.85 Hz , which 
clearly indicates that the system is in the strong coupling regime as 𝛾 ≪ Δ is 
satisfied. However, far away from the avoided crossing, the oscillation of the 
cantilever 1 is dominated by the in-phase mode at low laser power and by the 
out-of-phase mode at high laser power. 
 
Landau-Zener-like transitions of mechanical oscillations. The two-mode 
optomechanical system under consideration is analogous to a quantum spin-1/2 
system subjected to a longitudinal magnetic field 𝜀(𝑃) ≡ 𝜔1(𝑃)−𝜔2  and a 
transverse magnetic field ∆. Therefore, driving a classical two-mode system through 
the avoided crossing may also induce a Landau-Zener-like transition of mechanical 
oscillations between different normal modes 
18
. The experimental sequence for 
demonstrating such a transition is depicted in Fig. 2a (see Methods). Specifically, the 
system is prepared by resonantly exciting the in-phase mode at the laser power 
𝑃0 = 0.66 W such that about 98% of the mechanical energy is initialized to the 
cantilever 1. Then from 𝑡 = 0, we linearly ramp up the laser power to 𝑃𝑓 = 54.0 W 
within time 𝑡𝑓. This process may lead part of the mechanical energy transferring from 
the in-phase mode to the out-of-phase mode. Here the LZ transition probability is the 
fraction of the mechanical energy transferred from the in-phase mode to the 
out-of-phase mode, i.e.,    =  +(𝑡𝑓)
2  −(0)
2, where  𝛼 is the amplitude of the 
𝛼-th normal mode. Figure 2b shows the transition probability     as a function of 
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the sweeping rate 𝜐 ≡
𝑑𝜀(𝑃)
𝑑𝑡
|
𝑃=𝑃AC
 which is defined at the avoided crossing. As can 
be seen, the measured transition probability ranges from zero to unit, indicating that, 
by tuning the sweeping rate, the coupled cantilevers allow adiabatic transfer, coherent 
splitting and diabatic transfer for the oscillation state. In particular, a 50/50-splitting is 
achieved at the sweeping rate 𝑣 2 = 342 kHz s. More remarkably, as shown in Fig. 
2b, the transition probability also satisfies the standard LZ formula,    =
  p (− Δ2 2 𝜐 ), which justifies it as a classical analogy of the LZ transition. Finally, 
 
Figure 2 | LZ transition between mechanical modes. (a) Optical driving scheme. 
After a single passage transition, the laser power is hold for optical readout of 
mechanical oscillations. (b) Transition probability of mechanical oscillations versus 
sweeping rate. Theoretical result (gray line) calculated from the standard LZ formula 
is plotted together with the experimental measurement (red dots). The shaded region 
is showed in detail in the inset. 
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we remark that the measured transition probabilities are also in good agreement with 
our full numerical simulations for the classical two-level system (see Supplementary 
Information for details).  
 
Rabi oscillation of the coupled cantilevers. To facilitate the construction of the 
Stückelberg interferometer, we shall first show that the two cantilevers can exchange 
oscillations coherently via the Rabi oscillation. To this aim, as shown in Fig. 3a, we 
initialize the system by exciting the in-phase mode at 𝑃0 = 45.5 𝜇W  where 
𝜔−(𝑃0) ≈ 𝜔2. As a result, almost all of the oscillation energy is localized in the 
cantilever 2. We then linearly ramped down the laser power to the coupling regime 𝑃𝑓 
within 15 s, which concludes the state preparation. Here, since the time used to ramp 
down the laser power is much smaller than 2 𝜔−(𝑃0)⁄ , the oscillation energy of the 
initial state remains being localized in the cantilever 2. We then hold the laser power 
at 𝑃𝑓 and allow the system to evolve for time 𝜏. Finally, the oscillation amplitude of 
the cantilever 2,  2(𝜏), or equivalently  −(𝜏), is measured 15 ms after we quickly 
ramp the laser power back to 𝑃0. 
In Fig. 3b, the Bloch sphere shows the states of the system at selected times. In the 
context of the quantum spin-1/2 model, the physical process can be understood as 
follows. The initial state is prepared under a sufficiently large longitudinal magnetic 
field 𝜀(𝑃) such that the direction of the total magnetic field, 𝑋−, is roughly along 
the 𝑥2 axis. By ramping down the laser power to 𝑃𝑓 in the coupling regime, we 
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lower the longitudinal magnetic field at time 𝑡 = 0, which effectively deviates 𝑋− 
from the 𝑥2 axis with angle 𝜃 determined by tan𝜃 = ∆ 𝜀(𝑃) (see Supplementary 
Information). After the initialization, the state of the system starts to precess around 
the 𝑋− axis with the Rabi frequency Ω𝑅 = √∆2 + 𝜀2 = 𝜔+ − 𝜔− such that it 
becomes a superposition of the oscillations of the two cantilevers. Here, the 
superposition amplitude for the i-th cantilever (or equivalently, the projection of the 
state along the 𝑥𝑖 axis) is directly related to the oscillation energy on that cantilever 
 
Figure 3 | Rabi oscillation. (a) Optical driving scheme. (b) The Bloch vectors 
showing the states of the system in the Bloch sphere (marked in the same colour in a) 
at selected times. (c) Rescaled oscillation amplitudes of the cantilever 2,  2(𝜏) 
 2(0), versus 𝜏 for various 𝑃𝑓. Measured data are shown as dots and the fit with Eq. 
(1) is plotted as solid lines. 
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and thus can be determined by measuring the oscillation amplitude  𝑖 after quickly 
ramping the laser power back to 𝑃0 where two cantilevers are decoupled. Due to the 
precession of the state (see Fig. 3b), the oscillation amplitudes  𝑖 are clearly periodic 
functions of 𝜏 , representing the coherent oscillation exchange between two 
cantilevers. We remark that, in terms of the normal modes, the related oscillation 
amplitudes remain unchanged during the hold time; only a relative phase is acquired. 
Figure 3c plots the measurements of the rescaled oscillation amplitude  2(𝜏) 
 2(0)  for various 𝑃𝑓 ’s. As can be seen, the maximal value of  2(𝜏)  2(0) 
increases to unit when 𝑃𝑓 approaches 𝑃AC, which reflects the fact that the stronger 
coupling leads to more intensive exchange. It can also be understood by noting that 
the precession axis 𝑋− deviates from the 𝑥2 axis by  2⁄  at 𝑃𝑓 = 𝑃AC.  
To gain more insight into the dynamics, we note that the oscillation amplitude of 
the cantilever 2 is governed by the equation (see Supplementary Information) 
𝐴2(𝜏)
𝐴2(0)
= 𝑒−𝜏 (2𝑇𝑑)√1 − sin2 𝜃 sin2
(𝜔+−𝜔−)𝜏
2
.           (1) 
Here we have phenomenologically included the characteristic decoherence time 𝑇𝑑, 
which includes the effects of oscillation relaxation and pure dephasing 
16
. By fitting 
the data in Fig. 3c with Eq. (1), it is found that 𝑇𝑑 = 37.9 ms. We also remark that 
the observed phenomena of the Rabi-like oscillations in few tens of mille-second 
indicate the coherence of mechanical oscillations is well preserved after the 
non-adiabatic transition. 
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Classical analog of Stückelberg interferometry. The investigations on the LZ 
transition and Rabi oscillations of the two-mode optomechanical system allow us to 
study the Stückelberg interferometry based on two subsequent passages through the 
avoided crossing. Specifically, as illustrated in Fig. 4a, after exciting the in-phase 
mode at 𝑃0 = 55.0 𝜇W, we linearly ramp down the laser power to 𝑃𝑓 = 0.15 𝜇W in 
time tf such that the avoided crossing is passed through. This process acts as a tunable 
“beam splitter” which, depending on a sweeping rate 𝑣, allows adiabatic transfer, 
coherent splitting and diabatic transfer for the oscillation state. In particular, as shown 
previously, a 50/50-splitting is achieved with 𝑣 2 = 342 kHz s. After the ramp, 
the laser power is kept constant at 𝑃𝑓 for a variable hold time 𝜏. A differential phase 
𝜙adia(𝜏) between the lower and upper states (normal modes) is accumulated. Clearly, 
𝜙adia linearly increases with the hold time 𝜏. The laser power is then ramped back 
up to 𝑃0, and the second passage creates a new superposition state of the upper and 
lower states depending on 𝜙adia. Here, in analog to a Mach-Zehnder interferometer, 
this final step coherently recombines the oscillations leading to the constructive or 
destructive interference of the oscillation state in the two cantilevers and thus to 
fringes as a function of 𝜏. Figure 4b shows the rescaled oscillation amplitudes 
 2(2𝑡𝑓 + 𝜏)  2(0) as a function of hold time 𝜏 for various sweeping rates. As can 
be seen, for the 50/50-splitting ratio we indeed obtain the complete constructive and 
destructive interference fringes. 
Quantitatively, the Stückelberg interferometry can be understood in terms of the 
adiabatic-impulse model 
25
, which assumes that the system evolves adiabatically 
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Figure 4 | Stückelberg interferometry of mechanical oscillations. (a) Optical 
driving scheme and the corresponding adiabatic energy levels. After the initial 
excitation for the in-phase mode far away from the avoided crossing, the system is 
driven through the avoided crossing twice. The final mechanical oscillations are then 
determined as a function of the acquired adiabatic phase 𝜙adia(𝜏) = 𝜙1 + 𝜙2(𝜏) +
𝜙1 for the upper and lower states (normal modes). (b) Interferometer fringes for 
various sweeping rates. The oscillation amplitude of the cantilever 2 is rescaled to its 
amplitude immediately after the initialization. Measured data are shown as dots and 
the fit with Eq. (2) is plotted as solid lines. (c) Non-adiabatic phases for various 
sweeping rates. Experimental results (dots) obtained from fitting of the Stückelberg 
oscillation in (b) are plotted with calculated results (solid line) using the formula of 
Stokes phase in the text. 
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unless at the avoided crossing where the LZ transition occurs. Based on this theory, 
the rescaled oscillation amplitude of the cantilever 2 after the double-passage LZ 
transition takes the form 
𝐴2(2𝑡𝑓+𝜏)
𝐴2(0)
= 𝑒−(2𝑡𝑓+𝜏) 2𝑇𝑑√1 − 4   (1 −    )cos2ΦSt,        (2) 
where ΦSt = 𝜙adia(𝜏) + 𝜙dia is the Stückelberg phase with 𝜙adia(𝜏) =
1
2
∫ (𝜔+ −
𝑡2
𝑡1
𝜔−)𝑑𝑡 being the adiabatic phase accumulated during the adiabatic evolution between 
𝑡 = 𝑡1 and 𝑡 = 𝑡2 and 𝜙dia the phase acquired during the non-adiabatic transitions. 
Here we have still phenomenologically included the decoherence effect. Quantum 
mechanically, it is shown that the non-adiabatic phase is 𝜙dia =𝜙𝑆 −
𝜋
2
 with 
𝜙S = 𝛿(ln𝛿 − 1) + arg,Γ(1 − 𝑖𝛿)- +
𝜋
4
 being the Stokes phase, here δ =
Δ2
4υ
 and 
Γ(𝑧) is the gamma function 34. Mathematically, the Stokes phase originates from the 
matching of the asymptotic forms of the Weber’s function at a regular singularity 35. 
Since 𝜙adia(𝜏) can be evaluated analytically for the given experimental parameters, 
we may, as shown in Fig. 4b, determine 𝜙dia by fitting the measured data with Eq. 
(2). In Fig. 4c, we present the experimentally obtained non-adiabatic phases for 
various sweeping rates, which are in good agreement with those calculated using the 
Stokes phase.  
 
Discussion 
Based on the studies of the LZ transition and Rabi oscillation of two coupled 
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cantilevers, we have realized a classical analog of the Stückelberg interferometer and 
measured the Stokes phase. Unlike the adiabatic phase that is of the dynamic nature, 
the Stokes phase of the LZ transition represents the phase acquired during the 
non-adiabatic transition. With a single passage through the avoided crossing of a 
two-level system, i.e., the LZ transition, one can determine the occupation probability 
on each level; while the relative phase between them is often difficult to measure. 
Although the Rabi oscillation manifests the phase coherence in the dynamics of the 
coupled cantilevers, no non-adiabatic phase is involved. Therefore, the measurement 
of the Stokes phase unveils an in-depth analog between the two-mode system and 
quantum two-level one. Our study may pave the way to new interferometric 
techniques using classical devices. 
 
Methods 
Experimental details. All experiments are performed in high vacuum of 2×10
-9
 Torr 
at room temperature. For the initial state preparation, in order to overcome the 
cantilevers’ thermal motions which have amplitudes around 1 nm at 298 K, we 
resonantly excite the system with the target mode for 0.45 s until a stable oscillation 
with amplitude around 90 nm is generated. Immediately after the initial state 
preparation, an arbitrary waveform generator (AWG) is programmed to drive the 
electro-optical modulator (EOM) such that the power of the pumping laser is linearly 
swept. The fast decay of the low-finesse cavity allows producing an optical pulse 
16 
 
inside the cavity in few-nano-second length such that instantaneous change of 
optomechanical interaction can be achieved as the laser power is swept. As to the 
experimental measurements, the same laser beam applied for optical pumping is also 
used to measure the oscillations of the coupled two cantilevers. Specifically, the 
motion of the cantilever 1 is monitored by measuring the intensity of the reflected 
light from the cavity with a photo detector (PD) after a 10 db beam splitter (BS). The 
magnitudes of the signal at the frequencies 𝜔+ and 𝜔− are subsequently measured 
by lock-in amplifiers (LIAs) for the oscillation amplitudes of both the cantilevers. For 
a better measurement sensitivity, we always choose the final state at the right-hand 
side of the avoided crossing which corresponds to a higher laser power. In addition, to 
avoid the transient artifacts in the measurements, the final states in all our 
experiments are recorded 15 ms after the optical control sequence. 
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Supplementary Information 
 
I. Theoretical model 
In the absence of the mechanical excitation, the equations of the motion of the 
two-mode optomechanical system under consideration can be expressed as 
(
 
𝑑2
𝑑𝑡2
+ 𝛾1
𝑑
𝑑𝑡
+ 𝜔1
2(𝑃) 𝐽
𝐽
𝑑2
𝑑𝑡2
+ 𝛾2
𝑑
𝑑𝑡
+ 𝜔2
2
).
𝑥1
𝑥2
/ =
1
𝑚
(
𝐹1
𝐹2
),      
    (S1) 
where xi is the displacement of the i-th (i=1,2) cantilever, m is the mass for both the 
cantilevers, 𝜔2 [𝜔1(𝑃)] is the intrinsic (optically-trapped effective) frequency for the 
second (first) cantilever, J is the coupling strength between the cantilevers, and 𝐹𝑖 is 
the thermal Brownian force. 
Diagonalizing the above equations with neglecting the effects of the damping and 
noises, we can obtain the out-of-phase (𝑋+) and an in-phase (𝑋−) motions of the 
normal modes (
𝑋+
𝑋−
) = U .
𝑥1
𝑥2
/ , where the transformation matrix U ≡ U(𝑃) 
represents the contributions of the cantilevers to the normal modes with the explicit 
form  
U = .
𝑢+1 𝑢+2
𝑢−1 𝑢−2
/ = (
cos
𝜃
2
sin
𝜃
2
−sin
𝜃
2
cos
𝜃
2
) ,              
(S2) 
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where 𝜃 satisfies tan𝜃 =
2𝐽
𝜔1
2−𝜔2
2.  
With the above process, Eq. (S1) can be written in the normal-mode motions as 
?̈?+ + 𝜔+
2 ?̇?+ = 0
?̈?− + 𝜔−
2?̇?− = 0
,                  (S3) 
where 𝜔+(𝑃) and 𝜔−(𝑃) are the eigen-frequencies of the normal modes and 
 𝜔±
2 =
1
2
(𝜔1
2 + 𝜔2
2 ±√(𝜔1
2 − 𝜔2
2)2 + 4𝐽2).             (S4) 
Note that the minimal frequency splitting between the normal modes, ∆≔ 𝜀(𝑃𝐴𝐶) =
𝜔+(𝑃𝐴𝐶) − 𝜔−(𝑃𝐴𝐶), happening at the energy avoided crossing with the laser power 
𝑃𝐴𝐶  and 𝜔1(𝑃𝐴𝐶) = 𝜔2 , is approximately proportional to the coupling strength: 
∆≈ 𝐽 𝜔2 when 𝐽 ≪ 𝜔1
2 ≈ 𝜔2
2. Thus, one has tan𝜃 ≈
∆
𝜔1(𝑃)−𝜔2
=
∆
𝜀(𝑃)
. 
For a fixed trapping laser power P (which means 𝜔1  and 𝜔±  are 
time-independent), the time dependence of the normal modes can be generally 
expressed as 
𝑋±(𝑡) ≡
1
2
?̃?±(𝑡) + 𝑐. 𝑐. =
1
2
 ̃±𝑒
−𝑖𝜔±𝑡 + 𝑐. 𝑐.,            (S5) 
where ?̃?±(𝑡) =   ̃±𝑒
−𝑖𝜔±𝑡  represent the corresponding positive-frequency 
components with |?̃?±(𝑡)| = | ̃±| =:  ± being the (constant) amplitudes of motions 
of the normal modes. Namely, the corresponding dynamics of (the positive-frequency 
components of) the normal modes starting from the initial time instant 𝑡0 = 0 is 
subject to a free evolution 
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 (
?̃?+(𝑡)
?̃?−(𝑡)
) = 𝑁(𝑡) (
?̃?+(0)
?̃?−(0)
)                (S6) 
with the free-evolution matrix 
𝑁(𝑡) = (𝑒
−𝑖𝜔+𝑡 0
0 𝑒−𝑖𝜔−𝑡
) .                 (S7) 
Similarly, the motions of the cantilevers can be given in the form 
𝑥𝑗(𝑡): =
1
2
?̃?𝑗(𝑡) + 𝑐. 𝑐: =
1
2
 ̃𝑗(𝑡)𝑒
−𝑖𝜔𝑗𝑡 + c. c.,            (S8) 
where ?̃?𝑗(𝑡) =   ̃𝑗(𝑡)𝑒
−𝑖𝜔𝑗𝑡 (j=1,2) represents the corresponding positive-frequency 
components for the j-th cantilevers with |?̃?𝑗(𝑡)| = | ̃𝑗(𝑡)| =:  𝑗(𝑡)  being the 
(time-dependent) amplitudes of motions of the j-th cantilever (when the coupling 
strength is much weak compared with the eigenfrequencies, 𝐽 ≪ 𝜔1,2
2 , which is 
fulfilled for most cases of coupled resonators). Accordingly, the solutions for the 
motions of the cantilevers can be given as 
𝑥𝑗(𝑡) =
1
2
(𝑢𝑗+ ̃+𝑒
−𝑖𝜔+𝑡 + 𝑢𝑗− ̃−𝑒
−𝑖𝜔−𝑡) + c. c.             (S9) 
according to the solutions of the normal modes’ motions.  
We would like to point out that when the laser power P is time-dependent, the 
above (constant) amplitudes for the normal modes,  ±, would be time dependent as 
 ±(𝑡). Meanwhile the above 𝑁(𝑡) would be generalized to be the form 
𝑁(𝑡, 𝑡0) = (
𝑒
−𝑖 ∫ 𝜔+(𝑡
′)𝑑𝑡′
𝑡
𝑡0 0
0 𝑒
−𝑖 ∫ 𝜔−(𝑡
′)𝑑𝑡′
𝑡
𝑡0
) .           (S10) 
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II. Rabi-like oscillations 
As demonstrated by Fig. 3 and its related description, when the system is held in 
the coupling region with the fixed Pf after the initial preparation, the coupling 
between the cantilevers allow coherent mechanical transferring from the cantilevers 2 
to 1 following the Rabi-like oscillations. Such a oscillation starting from t=0 can be 
described analytically by the evolutions of the motions of 𝑥1,2(𝑡) ≡
1
2
?̃?1,2(𝑡) + 𝑐. 𝑐. 
with the positive-frequency components satisfying 
(
?̃?1(𝑡)
?̃?2(𝑡)
) = 𝑅(𝑡) (
?̃?1(0)
?̃?2(0)
) .                                 (S11) 
Here the newly defined operators 
 𝑅(𝑡) = 𝑈−1(𝑃𝑡)𝑁(𝑡)𝑈(𝑃𝑡) 
            = (
cos2
𝜃
2
𝑒−𝑖𝜔+𝑡 + sin2
𝜃
2
𝑒−𝑖𝜔−𝑡 cos
𝜃
2
sin
𝜃
2
(𝑒−𝑖𝜔−𝑡 − 𝑒−𝑖𝜔+𝑡)
cos
𝜃
2
sin
𝜃
2
(𝑒−𝑖𝜔−𝑡 − 𝑒−𝑖𝜔+𝑡) sin2
𝜃
2
𝑒−𝑖𝜔+𝑡 + cos2
𝜃
2
𝑒−𝑖𝜔−𝑡
)       
(S12) 
represents the operation of the Rabi-like oscillations for the positive-frequency parts 
of the motions of the cantilevers with 𝑈(𝑃𝑡) the corresponding mode function. And 
𝑁(𝑡) = (𝑒
−𝑖𝜔+𝑡 0
0 𝑒𝑖𝜔−𝑡
) denotes the free evolution for the normal-mode basis *𝑋±+ 
for a fixed laser power. Namely, the evolution of the mechanical oscillations 
transferring between the cantilevers in the coupling region can be resorted to the free 
evolution for the normal modes sandwiched by the two related mode-function 
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transformations. 
 In the case of Fig. 3, after the excitation for the cantilever 2 (in-phase normal 
mode), the trapping power is ramped linearly to Pf in a very short time interval with 
the fast sweeping limit. That means the initial values for the Rabi-like oscillation of 
the cantilevers are approximately the excitation ones:  ?̃?2(0) =  2(0) ≫  ?̃?1(0) =
 1(0) ≈ 0. Thus, the (normalized) oscillation amplitudes of the cantilevers after the 
hold time 𝜏, are described analytically as 
𝐴1(𝜏)
𝐴2(0)
=
 ?̃?1(𝜏) 
 ?̃?2(0) 
= |sin 𝜃 sin
(𝜔+−𝜔−)𝜏
2
|, 
𝐴2(𝜏)
𝐴2(0)
=
 ?̃?2(𝜏) 
 ?̃?2(0) 
= √1 − sin2 𝜃 sin2
(𝜔+−𝜔−)𝜏
2
.                 (S13) 
That means the related Rabi frequency for the Rabi oscillations is Ω𝑅 = 𝜔+ −
𝜔− = √∆2 + 𝜀2. 
 
III. Stückelberg interferometry 
According to the adiabatic-impulse model 
S1
, the Stückelberg interferometry 
includes three processes: the first Landau-Zener transition, the adiabatical evolution, 
and the second Landau-Zener transition. In each transition mimicing a coherent 
oscillation-splitter, the transition matrix is given in the positive-frequency part of the 
normal-mode basis {𝑋±} as 
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𝑇 = (
√1 −      𝑒
−𝑖𝜙dia −√    
√    √1 −      𝑒
𝑖𝜙dia
)                           (S14) 
with     the transition probability and 𝜙dia  the phase acquired during the 
non-adiabatic transitions (with their explicit forms given in the main text). During the 
adiabatic process between the two Landau-Zener transitions, the motions of the 
normal modes is governed by  
𝑁(𝑡2, 𝑡1) = (
𝑒−𝑖𝜙+(𝜏) 0
0 𝑒−𝑖𝜙−(𝜏)
)                               (S15) 
with 𝜙±: = ∫ 𝜔±(𝑡)𝑑𝑡
𝑡2
𝑡1
. 
Accordingly, one can readily obtain the following motions of the 
positive-frequency part of the normal modes 
(
?̃?+(2𝑡𝑓 + 𝜏)
?̃?−(2𝑡𝑓 + 𝜏)
) = 𝑆 (
?̃?+(0)
?̃?−(0)
)                       (S16) 
with 
𝑆 = 𝑇𝑁(𝑡2, 𝑡1)𝑇:= (
𝑆11 𝑆12
𝑆21 𝑆22
)            (S17) 
= (
(1 −    )𝑒
−𝑖(2𝜙dia+𝜙+) −    𝑒
−𝑖𝜙− −√   (1 −    ),𝑒
−𝑖(𝜙dia+𝜙+) + 𝑒𝑖(𝜙dia−𝜙−)-
√   (1 −    ),𝑒
−𝑖(𝜙dia+𝜙+) + 𝑒𝑖(𝜙dia−𝜙−)- (1 −    )𝑒
𝑖(2𝜙dia−𝜙−) −    𝑒
−𝑖𝜙+
).  
Using the conditions ?̃?1(𝑡) ≈ ?̃?+(𝑡), ?̃?2(𝑡) ≈ ?̃?−(𝑡) for the initial time instant 
𝑡 = 0 and the final one 𝑡 = 2𝑡𝑓 + 𝜏 (where the system is far away from the avoided 
crossing) and the initial amplitude conditions  2(0) =  ?̃?2(0) ≫  1(0) =  ?̃?1(0) ≈
0, one can get the (normalized) final amplitudes of the cantilevers as 
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𝐴1(2𝑡𝑓+𝜏)
𝐴2(0)
=
 ?̃?1(2𝑡𝑓+𝜏) 
 ?̃?2(0) 
=  𝑆12 = 2√   (1 −    ) cosΦSt ,   
𝐴2(2𝑡𝑓+𝜏)
𝐴2(0)
=
 ?̃?2(2𝑡𝑓+𝜏) 
 ?̃?2(0) 
=  𝑆22 = √1 − 4   (1 −    )cos2ΦSt,              (S18) 
where ΦSt = 𝜙dia + 𝜙adia(𝜏)  with 𝜙adia(𝜏) =
1
2
,𝜙+(𝜏) − 𝜙−(𝜏)- =
1
2
∫ ,𝜔+(𝑡) −
𝑡2
𝑡1
𝜔−(𝑡)-𝑑𝑡 being the adiabatic phase accumulated during the adiabatic evolution. As 
shown in Fig. 4a, the adiabatic phase 𝜙adia(𝜏) can be described by the following 
form 𝜙adia(𝜏) = 𝜙1 + 𝜙2(𝜏) + 𝜙1 , where 𝜙1 =
1
2
∫ ,𝜔+(𝑡) − 𝜔−(𝑡)-𝑑𝑡
𝑡𝑓
𝑡1
 is the 
hold-time-𝜏-independent phase and 𝜙2 =
1
2
∫ ,𝜔+(𝑡) − 𝜔−(𝑡)-𝑑𝑡
𝑡𝑓+𝜏
𝑡𝑓
=
1
2
,𝜔+(𝑃𝑓) −
𝜔−(𝑃𝑓)-𝜏 is the relevant phase.  
 
IV. Numerical Simulations 
Now we investigate the numerical simulations of the time evolutions for the system 
of two coupled resonators under consideration by including the effects of the damping 
and thermal noises. To this aim, we rewrite the equations of the motion (S1) in the 
form as  
?̇?1 =
 1
𝑚
, 
 ̇1 = −𝑚𝜔1
2(𝑃)𝑥1 −𝑚𝐽𝑥2 − 𝛾 1 + 𝐹1(𝑡), 
?̇?2 =
 2
𝑚
, 
 ̇2 = −𝑚𝜔2
2𝑥2 −𝑚𝐽𝑥1 − 𝛾 2 + 𝐹2(𝑡),                    (S19) 
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where 𝑥1,2,  1,2, 𝑚, 𝜔1,2 and 𝛾 are respectively the positions, momenta, masses, 
eigenfrequecies, and damping rates of the mechanical resonators. 𝐽 is the coupling 
strength between the resonators. Here the thermal Brownian noises 𝐹1,2(𝑡) satisfy 
S2
 
 〈𝐹𝑗(𝑡)𝐹𝑗′(𝑡
′)〉 = 2𝑘𝐵𝑇𝑚𝛾𝛿𝑗𝑗′𝛿(𝑡 − 𝑡
′)                      (S20) 
(〈… 〉 denotes the ensemble average) in the high-temperature limit 𝑘𝐵𝑇 (ℏ𝜔1,2) ≫ 1 
as in our experiment. Here 𝑘𝐵 , 𝑇 , and ℏ are the Boltzmann constant, ambient 
temperature, and reduced Plank constant, respectively.  
In order to include the effects of both the damping and the thermal Brownian 
noises, here we consider the evolution of the close equations of motion for the mean 
values of the quadratic terms like 𝑥1
2. Using the equations of motion in Eq. (S19) and 
the correlation  
〈𝑥𝑗(𝑡)𝐹𝑗′(𝑡
′)〉 = 0,   
〈 𝑗(𝑡)𝐹𝑗′(𝑡)〉 = {
𝑘𝐵𝑇𝑚𝛾𝛿𝑗𝑗′ ,   (𝑡 = 𝑡′) 
0,                        (𝑡 ≠ 𝑡′)
,                      (S21) 
we can get the following equations of motion 
𝜕
𝜕𝑡
𝛍 = −𝐌 𝛍 + 𝛎                               (S22) 
with  𝛍 = ,〈𝑥1
2〉, 〈𝑥1 1〉, 〈 1
2〉, 〈𝑥2
2〉, 〈𝑥2 2〉, 〈 2
2〉, 〈𝑥1 2〉, 〈𝑥2 1〉, 〈𝑥1𝑥2〉, 〈 1 2〉-
T, 
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𝐌 =
(
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𝑚
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and 𝛎 = (0,0,2𝑚𝛾𝑘𝐵𝑇, 0,0,2𝑚𝛾𝑘𝐵𝑇, 0,0,0,0)
T. 
 
Figure S1 | Oscillation power of cantilevers. The oscillation powers of the 
cantilever 2 and (inset) cantilever 1 are rescaled to the oscillation power of the 
cantilever 2 immediately after the initialization. Experimental results (black circles) 
and the results calculated from the standard LZ formula considering the mechanical 
damping (green or light lines) are plotted in comparison with the related numerical 
results (blue or dark lines). Here the numerical calculations are performed with 
m=1.03 ng, T=298 K, and all the other parameters the same as those in Fig. 2. 
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   According to the above equations (S22), we can obtain numerically the motion of 
each cantilever at any time instant once we know the initial conditions. For example, 
in the case of the Landau-Zener transition as given in Fig. 2, the corresponding initial 
condition is 𝛍(𝟎) = ( 2, 0,2𝑚𝑘𝐵𝑇, 2𝑘𝐵𝑇 (𝑚𝜔2
2),0,2𝑚𝑘𝐵𝑇, 0,0,0,0)
T . The related 
numerical results of the oscillation energies (or the oscillation powers) are in good 
agreement with the experimental ones and the ones according to the formula of 
standard Landau-Zener transition, as seen in Fig. S1. 
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